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Module 5: Limits of Determinism



Despite the advantages…

Determinism has its limits.
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• Complexity
• Uncertainty
• Chaos
• Incompleteness



Complexity

• Some systems are 
too complex for 
deterministic 
models.

• Nondeterministic 
abstractions 
become useful.
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“Iron wing” model of an Airbus A350.
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Deep Learning, draft book in preparation, by Yoshua
Bengio, Ian Goodfellow, and Aaron Courville.
http://www.deeplearningbook.org/

http://www.iro.umontreal.ca/~bengioy/dlbook/
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Uncertainty

• We can’t construct 
deterministic models of 
what we don’t know.

• For this, nondeterminism
is useful.

• Bayesian probability (which 
is mostly due to Laplace) 
quantifies uncertainty.
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Portrait of Reverend Thomas Bayes (1701 -
1761) that is probably not actually him.
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Chaos
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Edward Lorenz

Edward Lorenz
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Incompleteness of Determinism

Any set of deterministic models rich enough to 
encompass Newton’s laws plus discrete 
transitions is incomplete.

Lee, Fundamental Limits 
of Cyber-Physical Systems
Modeling,  ACM Tr. on CPS,
Vol. 1, No. 1,
November 2016

Lee, Berkeley 10



Illustration of the 
Incompleteness of Determinism
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Arbitrary Interleaving Yields 
Nondeterminism
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Recall the Heisenberg Uncertainty 
Principle
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Is Determinism Incomplete?

• In Lee (2016), I show that this sequence of models is Cauchy, so the space of 
deterministic models is incomplete (it does not contain its own limit points).

• In Lee (2014), I show that a direct description of this scenario results in a non-
constructive model. The nondeterminism arises in making this model 
constructive.
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Rejecting discreteness leads to 
deterministic chaos

A continuous deterministic model that models 
collisions as elastic springs is chaotic.
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[Lee, ACM Tr. on CPS, 2016]



Rejecting discreteness requires 
rejecting causality

Lee, Berkeley 26

Example from Lee, 
“Constructive Models of Discrete 
and Continuous Physical 
Phenomena,” IEEE Access, 2014



If nondeterminism is unavoidable, shouldn’t we 
embrace it?

Death is unavoidable, but you may want to try 
to avoid it anyway…

27



For CPS, we need to
change the question

The question is not whether deterministic 
models can describe the behavior of cyber-
physical systems (with high fidelity).

The question is whether we can build cyber-
physical systems whose behavior matches that 
of a deterministic model (with high probability).
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Determinism?
What about resilience? Adaptability?

Deterministic models do not eliminate the need 
for robust, fault-tolerant designs.

In fact, they enable such designs, because they 
make it much clearer what it means to have a 
fault!
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